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Abstract

Rivulet type flow is of great importance in many engineering areas including the packed
columns design or heat exchangers calculations. We concentrate on the case of a rivulet flowing
in the azimuthal direction from top to bottom of a large horizontal cylinder. A direct numerical
simulation of the problem is compared to simplified solutions of the Navier-Stokes equations
for the cases of a rivulet with (i) constant contact angle and varying width, (ii) constant width
and varying contact angle, and (iii) varying both contact angle and width. Such comparison
sheds light on the applicability of simplified models for a solution of real-life problems.
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1 Introduction

Flow characteristics of a gravity-driven spreading trickle of a liquid is of key importance throughout
many areas of chemical engineering, including the mass transfer [1], trickle bed reactors [2], heat
exchangers [3] and various coating processes [4].

Eventhough the rivulet type flow can be modeled using various CFD methods [1,5], such meth-
ods are still too complex to be used in the engineering practice and too computationally demanding
for the parametric studies of the rivulet behavior.

A simplified solution to the problem of the rivulet type flow has been studied since 1960’s.
The pioneering studies by Towell and Rothfeld [6], Allen and Biggin [7], Bentwich et al. [8] and
Fedotkin et al. [9] have led to a substantial amount of subsequent work on a rectilinear rivulet
flow. For example, Benilov [10] performed a stability analysis for the rivulet flow down an inclined
substrate and Duffy and Moffat [11] used the solution available for the rectilinear rivulet flow to
describe the flow with prescribed volume flux and non-zero contact angle over a cylinder of large
radius. For further informations on the topic of unidirectional (rectilinear) rivulet flow, see [12]
and many references therein.

The physics of the contact line region of a rivulet was first taken into account by Davis [13]
and revisited from another point of view by Shetty and Cerro [14]. However, a literature covering
the topic of modeling the flow of a spreading rivulet is still limited to various CFD methods
(e.g. [1,15,16]) or the spreading rivulet stability analysis (see [17] and references therein).

In our previous work, we derived a computationally inexpensive method to determine the size
of the gas-liquid interface of a rivulet flowing down an inclined wetted plate (see [18] and references
therein). We have also focused on possibilities of modeling such a flow in OpenFOAM, the most
widely used opensource CFD software [19].

In the present work, we generalize the developed method for the case of the flow in the azimuthal
direction from top to bottom of a large horizontal cylinder. We compare the obtained results with
CFD experiment carried out in the OpenFOAM software as well as with results obtained from
other simplified analytical solutions to the studied problem [11,12].

Such a comparison permits to evaluate a legitimacy of assumptions made during the method
derivation. Furthermore, the presented results offer, within accuracy limitations of the used CFD
methods, a baseline for usability assessment of the simplified models.

2 Coordinate system and simplifying assumptions

To be able to derive the different analytical solutions, the system of the Navier-Stokes equations
was simplified under the following assumptions:



Figure 1: A particular coordinate system with basics of the used rivulet spreading notation. The
global coordinate system is denoted by (O, x, y, z). At each surface inclination angle, α, a local
coordinate system denoted by (Õ, x̃, ỹ, z̃) is introduced to obtain the simplified solutions. The
dynamic and microscopic contact angles [20] are denoted as β and βm, respectively. The letter a
stands for the rivulet half width. The point where the outer and inner solutions for h̃(x̃, ỹ) (rivulet
profile with respect to local coordinate system) are stitched together is denoted by τ . We also
introduce the cylinder radius, R, and arc length coordinate, s = αR.

1. The studied liquid is Newtonian with constant density, ρ, dynamic viscosity, µ, and surface
tension, γ.

2. The rivulet profile shape is constant in time. Furthermore, rivulet liquid flow rate is assumed
to be constant along the cylinder.

3. There is no shear between the gas and liquid phases.

4. The liquid velocities in the directions transversal and normal to the cylinder are negligible
in comparison to the one in its longitudinal direction, ũ � ṽ ∼ w̃. The inertial effects can
be neglected in ỹ and z̃ directions.

5. The gravity is the only acting body force.

6. The gravity effects on the velocity of the contact lines are neglected. Also the dynamic
contact angles, β = β(s), are assumed small all along the rivulet.

7. There is a thin precursor film on the whole studied surface. Thus, the microscopic contact
angle βm = 0. Furthermore, no contact angle hysteresis is taken into account.

8. The intermediate region length scale well separating the inner and outer solution for the
profile shape [20] corresponds to the height scale of the precursor film, l.

In the case of CFD, only the assumption of a shallow rivulet, β � 1, was retained and the
solution was obtained using the lubrication approximation.

3 Simulation methods

Altogether, we examined four different methods to simulate a rivulet flowing down a slowly varying
incline. All calculations are based on the thin film governing equation,

ht −
1

3µ
∇ ·
[(
h3 + 3λh2

)
(ρg∇h− γ∇κ)

]
= 0, (1)

where λ stands for the Navier slip length and κ for the gas-liquid interface mean curvature.



As a benchmark model, a CFD simulation carried out in OpenFOAM software was used. Within
this simulation, the equation (1) was solved directly, using the finite volume method. The remaining
three methods were all derived by solving a simplified version of the equation (1) analytically.

In the following text, we will at first briefly introduce the thin film governing equation itself.
Then we will present its simplifications for the studied case of a rivulet flow down an azimuthal
direction of a large cylinder.

Thin film governing equation
The thin film governing equation, (1), can be derived from the Navier-Stokes equations using the
so called lubrication approximation. This approximation is based on the assumption of a thin film
flow, which permits to average all the variables in one of the spatial directions.

With the above mentioned averaging, it is possible to partially integrate the Navier-Stokes
equations and to express all the original variables (velocity and pressure fields) via a function,
denoted h, defining the shape of the gas-liquid interface (or, the problem free boundary position)
[21].

Let us now examine in more detail the equation (1) itself, more precisely its second term,
which is problem dependent. In the presented case, we assumed a shallow rivulet with the gas-
liquid interface shaped by the gravity and surface tension. Hence, the second factor of the studied
equation term has the form of ρg∇h− γ∇κ.

Moreover, one can take the first factor in the studied equation term, h3 + 3λh2, as a place of
the application of the forces expressed in the second factor. Within this analogy, h3 represents
the liquid volume. The presence of the term 3λh2 is a direct consequence of the need to address
the formal divergence of the energetic functional at the rivulet three phase lines caused by the
application of the no-slip boundary condition at the substrate [22].

One of the ways to formally provide an upper bound for the energy necessary to move a contact
line is to replace the no-slip boundary condition at the substrate by a less restrictive one in the
form of

z̃ = 0, ~n · u = 0, u− ~t · λ∇u = 0 , (2)

where ~n is the outer unit normal to the boundary and ~t is the unit tangent to the boundary. The
boundary condition (2) allows a small (λ � 1) slip at the substrate, thus the energy needed to
move the liquid onto an unwetted area is finite.

Finally, the equation (1) needs to be completed by a set of boundary conditions. Using the
notation specified in Fig. 1, the proposed boundary conditions are,

ỹ = ±a, h̃ = 0

~nτ · ∇h̃ = ± tanβ

∇ · (∇∇h̃) = τ̇

(3)

where ~nτ is the outer unit normal to the rivulet contact line in τ and τ̇ is the local speed of τ
movement describing the dynamics of the rivulet spreading.

For the case of the benchmark CFD model, we continued the simulation that consists of solving
the non-stationary equation (1) subject to boundary conditions (3) until

ỹ = ±a, ∇ · (∇∇h̃) = 0, (4)

which corresponds to a pseudo-steady state of the system.

Simplifying the thin film governing equation
Under the assumptions listed in the section 2, the equation (1) can be further simplified. At first,
we will present the solution for a rivulet with a constant width and contact angle (a static rivulet)
as it was published by Duffy and Moffat [11]. Then we will leverage this solution to obtain models
for the rivulet type flow down a slowly varying incline for the cases of a rivulet with fixed either
contact angle or width derived by Paterson et al. [12]. Finally, we will combine the solution for a
static rivulet with the Cox-Voinov law [20,23,24] to obtain a model for the case of the rivulet with
varying both the contact angle and width.



Let us assume a gravity driven rivulet with no variations in the gas-liquid interface shape along
its main flow direction, x̃, flowing down a plate inclined by an angle α to the horizontal. The
equation (1) and boundary conditions (3) can be simplified to

ỹ ∈ (−a, a), γh̃ỹỹỹ − B2h̃ỹ = 0

ỹ = ±a, h̃ = 0

h̃ỹ = ± tanβ,

(5)

where B is the Bond number of the problem, B = a
√
ρg| cosα|/γ, that represents the ratio of

volume and surface forces in the rivulet. By h̃y we denote a derivative of h̃ with respect to ỹ as

for the case of the profile shape constant along the x̃ coordinate h̃ = h̃(ỹ).
The problem (5) may be integrated analytically and the resulting profile shape function, h̃, for

three cases of a different substrate inclination angle, α < π/2, α = π/2 and α > π/2 denoted as
(i), (ii) and (iii) is,

h̃(ζ) =



a tanβ

B

(
cosh B− cosh Bζ

sinh B

)
(i)

a tanβ

2
(1− ζ2) (ii)

a tanβ

B

(
cos Bζ − cos B

sin B

)
(iii)

, (6)

with ζ being the ỹ coordinate scaled by the rivulet half-width, ζ = ỹ/a.
The cases (i) and (iii) of the solution (6) have a singularity at B = 0. Furthermore, the

case (iii) has a singularity at B = π and thus is only sensible if B is restricted by 0 < B < π. To
encounter the singularity at B = 0, one would have to assume a rivulet of a zero width or a liquid
with either zero density, or infinite surface tension, which is unphysical. On the other hand, the
singularity of the case (iii) at B = π corresponds to the dripping of the liquid from the substrate.
The dripping occurs at high B, when the surface tension forces are not strong enough to counteract
the effects of the gravity and keep the rivulet in contact with the surface.

With the liquid volumetric flux taken as a fixed parameter, the rivulet half width, a, and its
apparent contact angle, β, are bound together by the equation,

Q

a
=

∫ 1

−1

∫ h̃(ζ)

0

u(ζ, z̃) dz̃ dζ =

∫ 1

−1

∫ h̃(ζ)

0

ρg sinα

2µ

(
2h̃(ζ)z̃ − z̃2

)
dz̃ dζ . (7)

Evaluating the integral in (7), one obtains the following relation for the rivulet contact angle and
half width,

µQ

a4ρg sinα tan3 β
= F (B) . (8)

The right hand side of the equation (8) has the form

F (B) =



54B cosh B + 6B cosh 3B− 27 sinh B− 11 sinh 3B

36B2 sinh3 B
(i)

4

105
(ii)

27 sin B + 11 sin 3B− 54B cos B− 6B cos 3B

36B2 sin3 B
(iii)

(9)

In the studied case of a rivulet flowing down the azimuthal direction of a large cylinder, the
substrate inclination angle, α, is a function of the arc length coordinate, s. Consequently, also the
shape of the gas-liquid interface will change with s.

The equation (8) is the base stone of all three analytic methods. Furthermore, it inherits the
singularities at B = 0 and B = π of the equation (6). Hence, we propose a brief reflection on its
behavior in dependence on the substrate inclination angle and the problem Bond number before
we proceed with the derivation of the methods.



0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

Q̂

α/π

(a)

0.2

1

5

25

125

625

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Q̂

B/π

(b)

Figure 2: Dependence of the dimensionless flow rate, Q̂, on the plate inclination angle, (a), and on
the Bond number, (b). In the Figure on the right side are distinguished the three different cases,
(i) for α < π/2 ( ), (ii) for α = π/2 ( ) and (iii) for α > π/2 ( ).

In Fig. 2, there is depicted the dependence of the liquid flow rate on the substrate inclination
angle and on the problem Bond number. The liquid volumetric flow rate, Q, is scaled by the flow
rate in the rivulet on a vertical substrate,

Q̂ =
105µ

4a4ρg sinα tan3 β
Q =

105ρgµ cos2 α

4γ2 sinα tan3 β

Q

B4
. (10)

Please note, that we assumed a physically correct scenario of a rivulet with a > 0 and a liquid
with ρ > 0 and 0 < γ < K ∈ R+. Hence, the following asymptotic behavior of the dimensionless
liquid flow rate for the three different cases of the substrate inclination angle can be observed,

(i)− (iii) : lim
B→0+

Q̂(B) = 1

(i) : lim
B→∞

Q̂(B) = 0

(iii) : lim
B→π−

Q̂(B) =∞

(11)

The proposed generalization of the model of a static rivulet flowing down an inclined plane for
the studied geometry is based on an approximation of the evolving rivulet by a consecutive series
of static ones. Then, in the cases of a rivulet with fixed width or contact angle, it is possible to
obtain the shape of the rivulet gas-liquid interface on the cylinder via the following algorithm,

Algorithm 1 Interface reconstruction method for the case of a fixed rivulet width

1. Fix the rivulet half width, a, keep the contact angle variable, β = β(s).

2. Discretize the domain Ω = {s ∈ (0, π)} to N subdomains.

3. For i from 1 to N do:

(a) substitute the current si into the equation (8) and obtain the missing gas-liquid interface
defining parameter, ai

(b) get the current profile, h̃i(ỹ), from the equation (6)

4. Reconstruct the approximate gas-liquid interface position using the assumption

h̃(s, ỹ)
.
= h̃(si, ỹ), ∀s ∈ (si −

1

2
δi, si +

1

2
δi); i = 1, 2, . . . , N



Remark 1 The interface reconstruction algorithm for the case of a fixed rivulet contact angle is
analogical to the Algorithm 1. The only difference is a mutual swapping of the variables a and β.

In the case of a rivulet with both contact angle and width varying, these two quantities have
to be linked together. We suggest a link based on the Cox-Voinov law [23,24],

β(t)3 = 9
da(t)

dt

µ

γ
ln

(
a(t)

2e2l

)
, (12)

where a(t) is the object characteristic dimension. The Cox-Voinov law is again a result of a partial
integration of a simplified version of the thin film governing equation (1). This time we consider
the case of a narrow, axially symmetric stripe of a liquid spreading on a horizontal substrate.
Furthermore, in such the case a(t) represents the stripe half width.

The Cox-Voinov law is a first order ordinary differential equation for two unknown functions,
β(t) and a(t) and one free parameter, l, corresponding to the intermediate region length scale (see
Fig. 1 and [20,23,24]).

In the case of a steady rivulet of a liquid flowing and spreading down the azimuthal direction
of a large cylinder, the time coordinate in (12) has to be transformed to the spatial coordinate, s.

The proposed transformation from time to the spatial coordinate arises from the last assumption
in the section Coordinate system and simplifying assumptions, (see page 1). We assume presence
of a precursor film of a thickness corresponding to the intermediate region length scale, l, on the
whole substrate. Thus the profile shape has an inflection point denoted τ and fixed in a constant
height, l, above the cylinder hull.

Neglecting the long-range intermolecular forces, this precursor film can be taken as a free falling
film. Hence, τ is moving along the s coordinate with the speed of

uτ =
ρg sinα(s)

2µ
l2 . (13)

The estimate for the speed of τ (13) can be used to obtain the needed transformation,

t =
2µ

ρgl2 sinα
s, dt =

2µ(R sinα− s cosα)

ρgl2R sin2 α
ds, α =

s

R
, (14)

where R is the cylinder radius.
After the substitution from (14) into (12), one arrives at the following relation,

da

ds
=

2γ(R sinα− s cosα)β3

9ρgl2R sin2 α ln[a/(2e2l)]
, (15)

providing the needed link between the width of the rivulet and its apparent contact angle. Then,
based on the equations (8) and (15), we propose an algorithm for a gas-liquid interface reconstruc-
tion of a rivulet with variable both width and contact angle,

Algorithm 2 Interface reconstruction method for the case of a variable rivulet width and contact
angle

1. Specify the rivulet volumetric flow rate, Q, and either its initial contact angle, β0, or half
width, a0.

2. Solve the equation (8) and obtain the missing variable, a0 or β0.

3. Numerically solve the differential equation (15) and get a set of points,

S = (si, ai, βi), i = 1, 2, . . . , N

Note: In each step of the numerical solution of (15), it is necessary to solve the equation (8)
to obtain the current dynamic contact angle, βi.

4. For i from 1 to N , substitute the obtained local rivulet half width, ai, and contact angle, βi,
into the equation (6) and get the local gas-liquid interface shape, h̃i(ỹ).



5. In an analogy to the Algorithm 1, reconstruct the approximate gas-liquid interface position
using the assumption

h̃(s, ỹ)
.
= h̃(si, ỹ), ∀s ∈ (si −

1

2
δi, si +

1

2
δi); i = 1, 2, . . . , N

4 Results and Discussion

CFD Varying both β and a

β changed, a fixed β fixed, a changed

Figure 3: Comparison of rivulet free surfaces projected on a plane for all the tested methods. The
case of the flow rate Q = 1 · 10−7 m3s−1 is depicted.

A comparison of the rivulet free surface shapes for the different methods is depicted in Fig. 3.
Although all the results are qualitatively the same, the methods with either a or β fixed do not
seem to be as close to the CFD solution as the method with both those properties kept variable.

The problem of the model with fixed a lies mostly in the fact, that it is not able to predict
the rivulet slimming with α/π → 1/2−. Continuing this line of thought, the model with fixed β
predicts the rivulet thinning; however, it fails to correctly estimate the magnitude of it.

Further argument favoring the model with variable both a and β can be based on the comparison
of the Bond number evolution for the different methods. The agreement between the method with
variable β and a and the CFD result is the best one (consult the left side of Fig. 4).

The model with constant β depicted with the dash-dotted line gives qualitatively wrong results.
The graph of the dependence of B on α/π has inflection points at α/π

.
= 1/5 and α/π

.
= 4/5.

Moreover, the predicted evolution of the rivulet Bond number is almost symmetrical around α/π =
1/2. Such a symmetrical curve of dependence of B on α/π, (a) seems unphysical, as for α/π < 1/2
the gravity pushes the rivulet onto the cylinder hull, and for α/π > 1/2, it pulls the rivulet from
the cylinder; and (b) does not correspond to the CFD result.

The model with constant a depicted with the dashed line seems to predict a qualitatively correct
evolution of the rivulet Bond number. Nevertheless, it still gives a result with a symmetry around
α/π = 1/2 and it seems to underestimate the values of B for α/π > 3/4.



As it was stated before, the results of the model with variable a and β are closest to the CFD
simulation. For α/π < 1/2, the B = B(α/π) curve predicted by the method lies almost on the
top of the curve predicted by the model with fixed a and both the curves are in a good agreement
with the CFD result. For α/π > 1/2, the method at first overestimates the rivulet Bond number,
but for α/π > 3/4 the result becomes close to the CFD model again. Moreover, the B = B(α/π)
curve predicted by the method is not symmetrical around α/π = 1/2.

However, all the studied reduced models predict higher rivulet profiles maximum than CFD.
This may be a result of the necessity to impose some initial liquid velocity at α = 0 in the case of
CFD.
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Figure 4: Evolution of the rivulet Bond number and its maximal height along the cylinder. Five
different flow rates, Q = 1 · 10−7 ( ), 2 · 10−7 ( ), 3 · 10−7 ( ), 5 · 10−7 ( ) and
7 · 10−7 ( ) m3s−1; and three computation methods, were compared. Solid line ( ) is used
for simplified calculation with both β and a varying. Results for constant a and β are denoted by
( ) and ( ), respectively. Grey lines are used to depict the corresponding CFD results.

In the right side of Fig. 4, the evolution of rivulet Bond number and the maximal profile height
calculated by the model with variable both a and β is shown for various flow rates. The line ending
before α/π = 1 indicates liquid dripping from the cylinder.

The liquid dripping prediction by the simplified models is based on the value of the local rivulet
Bond number. Let us denote the maximal profile height h̃(s, ỹ = 0) = h̃0(s). From the equation (6)
follows that

lim
B→π−

h̃0(s) =∞, ∀s = αR ∈
(
πR

2
, πR

)
. (16)

Hence, the continuation of the solution of the surrogate models behind the point where B = π and
α/π > 1/2 is not possible.

As a consequence, the simplified models can predict only the location of the initial rivulet
separation point. Furthermore, as the models with fixed β or a underestimate the rivulet Bond
number for α/π > 1/2, their prediction of the liquid dripping is not reliable.



On the other hand, the liquid dripping in the CFD model is based on a numerical calculation
of the force balance at the gas-liquid interface,

Fint = Fγ + Fg, Fγ > 0, ∀s ∈
(
πR

2
, πR

)
, Fg < 0, ∀s ∈ (0, π) , (17)

where Fint is the total force exerted on the gas-liquid interface, Fγ is the surface tension force and
Fg is the gravity. Hence the CFD model can predict both the location of the liquid dripping and
the amount of liquid which has to be removed from the film to fulfill the condition Fγ − Fg > 0.

If there are no laminar waves on the rivulet, there is a qualitative agreement beween the
surrogate model with varying both β and a and the CFD simulation. At higher Q, the laminar
waves cause earlier initial liquid dripping location then predicted by any of the surrogate models.

5 Conclusion

Due to the work of Duffy and Moffat [11] and Paterson et al. [12] and our previous results, we were
able to derive a surrogate model for a gas-liquid interface reconstruction of a gravity-driven rivulet
flowing down a monotonically varying incline without the need to fix either its width or contact
angle. We compared our model to the other existing ones and to a benchmark CFD simulation.
Eventhough our model is more computationally expensive than the ones already published, we
believe that the additional cost is well balanced by the improvement in the model accuracy. More-
over, in our model, the solution of the complete thin film governing equation, which is a fourth
order partial differential equation, was reduced to a solution of one ordinary differential equation
with a solution of a non-linear algebraic equation nested in each time step. The models of Duffy
and Moffat and Paterson et al. consist of a repetitive solution of a non-linear algebraic equation.
Thus the difference between the computational costs of the three surrogate models is negligible
compared to the cost of solving the original problem.

Nomenclature

a[m] . . . . . . . . . . . . . . . . . . half-width of the rivulet
B[−] . . . . . . . . . . . . . . . . . . . . . . . . . . . . Bond number
e[−] . . . . . . . . . . . . . . . . . . . . . . . . . . Euler’s constant
F [N] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . force
g[m s−2] . . . . . . . . . . . . . gravitational acceleration
h[m] . global gas-liquid interface shape function
h̃[m] . . local gas-liquid interface shape function
l[m] . . . . . . . . . . . intermediate region length scale
n[−] . . . . . . . . . . . . . . . . . . . . . . . . . . . . normal vector
Q[m3 s−1] . . . . . . . . . . . . . . . . .volumetric flow rate
Q̂[−] . . . . . . . . . . . . . . . . . . dimensionless flow rate
s[m] . . . . . . . . . . . . . . . . . . . . . arc length coordinate
t[s] . . . . . . . . . . . . . . . . . . . . . . . . . . . .time coordinate
(u, v, w)[m s−1] . . . . . . . . . . . . . . . . . . . velocity field

x, y, z[m] . . . . . . . . . . . . .global coordinate system
x̃, ỹ, z̃[m] . . . . . . . . . . . . . . local coordinate system

Greek letters

α[−] . . . . . . . . . . . . . . . . . . . .plate inclination angle
β[−] . . . . . . . . . . . . . . . . . . . dynamic contact angle
γ[N m−1] . . . . . . . . . . . . . . . . liquid surface tension
δ[−] . . . . . . . . . . . . . . . . . . . . . . . . . . . small difference
κ[m−1] . . . . . . . . . . . . . . . . surface mean curvature
λ[m] . . . . . . . . . . . . . . . . . . . . . . . . Navier slip length
µ[Pa s] . . . . . . . . . . . . . . . . liquid dynamic viscosity
ρ[kg m−3] . . . . . . . . . . . . . . . . . . . . . . . liquid density
τ [−] . . . . . . . . . . . . contact point for 2D interface
Ω[−] . . domain of rivulet solution in s direction
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