
>  >  
>  >  

>  >  

>  >  

>  >  

>  >  

(1.2.2)(1.2.2)

>  >  

>  >  

>  >  
(1.2.1)(1.2.1)

(1.1.1)(1.1.1)

(1.2.3)(1.2.3)

r e s t a r t ;

Ex.1 - Finding a flow
r e s t a r t ;

Assignement

o d e : = d i f f ( x ( t ) , t )  =  x ( t ) ^ p ;

Note: Conditions on flow

F:=x ->x^p:#spec i fy  the  vec tor  f i e ld

1. p = 1
p : = ' p ' :
p : = 1 :

Find general solution to the ODE
s o l : = d s o l v e ( o d e , x ( t ) ) ;
a s s i g n ( s o l ) :

x :=unapp ly (x ( t ) , t , _C1 ) ;# resave  as  func t ion  (be t te r  usab le )

Specify _C1 in a way, that (i)-(iii) hold
(i) x(0,x0) = x0

x ( 0 , x 0 ) ;



(1.3.1)(1.3.1)

(1.3.3)(1.3.3)

>  >  

>  >  

>  >  

>  >  

(1.3.6)(1.3.6)

(1.2.5)(1.2.5)

(1.3.2)(1.3.2)

>  >  

>  >  

(1.2.3)(1.2.3)

(1.3.5)(1.3.5)

>  >  

>  >  

>  >  

>  >  

(1.2.4)(1.2.4)

>  >  
(1.3.4)(1.3.4)

x0

(ii) x(t,x(s,x0)) = x(t+s,x0)
e v a l b ( s i m p l i f y ( x ( t , x ( s , x 0 ) ) )  =  s i m p l i f y ( x ( t + s , x 0 ) ) ) ;

true

(iii) is derivative of the solution our vector field?
e v a l b ( D [ 1 ] ( x ) ( t , x 0 )  =  F ( x ( t , x 0 ) ) ) ;

true

Note: This equations should always hold, as we found x(t,x0) as solution to the differential 
equation
Note: In this case, we got everything "for free". We should not get used to it.

2. p >=1
p : = ' p ' : x : = ' x ' : x 0 : = ' x 0 ' :
assume(p , ' in teger ' ,p>0) :
about (p ) ;

O r i g i n a l l y  p ,  r e n a m e d  p ~ :
  i s  a s s u m e d  t o  b e :  A n d P r o p ( i n t e g e r , R e a l R a n g e ( 1 , i n f i n i t y ) )

Find general solution to the ODE
s o l : = d s o l v e ( o d e , x ( t ) ) ;
a s s i g n ( s o l ) :

x : = u n a p p l y ( s i m p l i f y ( x ( t ) ) , t , _ C 1 ) ; # r e s a v e  a s  f u n c t i o n  ( b e t t e r  
usable)

Specify _C1 in a way, that (i)-(iii) hold
(i) x(0,x0) = x0

eq:=x(0 ,x0)=x0;

e q : = s i m p l i f y ( l h s ( e q ) ^ ( ( p - 1 ) ) )  =  r h s ( e q ) ^ ( ( p - 1 ) ) ; # s o l u t i o n  
s tep  by  s tep
e q : = s i m p l i f y ( l h s ( e q ) * x 0 )  =  s i m p l i f y ( r h s ( e q ) * x 0 ) ;
x 0 : = l h s ( e q ) ^ ( 1 / p ) ;

x0:= 'x0 ' :x0:=solve(x (0 ,x0)=x0 ,x0) ;#maple  so lut ion

Note: (i) may hold iff _C1 = 1
(ii) x(t,x(s,x0)) = x(t+s,x0)

e q : = s i m p l i f y ( x ( t , x ( s , x 0 ) ) )  =  s i m p l i f y ( x ( t + s , x 0 ) ) ;



(2.1.1)(2.1.1)

(1.3.7)(1.3.7)

>  >  

(1.3.6)(1.3.6)

>  >  
(1.3.8)(1.3.8)

>  >  

>  >  

(1.2.3)(1.2.3)

e v a l b ( s i m p l i f y ( x ( t , x ( s , x 0 ) ) )  =  s i m p l i f y ( x ( t + s , x 0 ) ) ) ;
false

Note: (ii) does not hold
(iii) is derivative of the solution our vector field?

e v a l b ( s i m p l i f y ( D [ 1 ] ( x ) ( t , x 0 ) )  =  s i m p l i f y ( F ( x ( t , x 0 ) ) ) ) ;
true

Note: This equations should always hold, as we found x(t,x0) as solution to the differential 
equation
Result: The flow associated to the ODE can be found only for the case p = 1.

Ex.2 - Multistep and competitive reactions
r e s t a r t ;

Assignement

A : = M a t r i x ( [ [  - k 1 - k 3  ,  0  ,  0  ,  0  ] ,
        [  k 1  ,  - k 2  ,  0  ,  0  ] ,
        [  0  ,  k 2  ,  0  ,  0  ] ,



(2.1.1)(2.1.1)

>  >  

>  >  
(2.2.3)(2.2.3)

(1.3.6)(1.3.6)

>  >  

>  >  

>  >  

(2.2.1)(2.2.1)

>  >  

(2.2.2)(2.2.2)
>  >  

(2.2.5)(2.2.5)

(2.3.1)(2.3.1)

(2.2.4)(2.2.4)
>  >  

(1.2.3)(1.2.3)

        [  k 3  ,  0  ,  0  ,  0  ] ] ) ; # s y s t e m  m a t r i x

wi th(L inearAlgebra) :

1. Eigenvalues
charPol:=CharacteristicPolynomial(A,lambda);#compute the 
character is t ic  polynomia l

eigValsA:=solve(charPol, lambda);

charPol:=Determinant(A-lambda*IdentityMatrix(4,4));#compute 
the  charac te r is t i c  po lynomia l  in  a  way  we  do  i t

eigValsA:=solve(charPol, lambda);#get matrix eigenvalues

eigValsA:=Eigenvalues(A);#get  matr ix  e igenvalues by direct  
maple command

2. Eigenvectors
eigValsA,eigVecsA:=Eigenvectors(A);#by direct Maple command

From MAPLE help:
With an eigenvalue of multiplicity , there may be fewer than  linearly independent 
eigenvectors. In this case, the matrix is called defective.  By design, the returned matrix always 
has full column dimension.  Therefore, in the defective case, some of the columns that are 
returned are zero.  Thus, they are not eigenvectors.  With the option, output=list, only 



(2.1.1)(2.1.1)

>  >  

>  >  

>  >  

(2.3.2)(2.3.2)

(1.3.6)(1.3.6)

>  >  

>  >  

(2.3.3)(2.3.3)

(1.2.3)(1.2.3)

eigenvectors are returned.  For more information, see LinearAlgebra[JordanForm] and
LinearAlgebra[SchurForm].
=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>
We can't be really sure, that we have the real eigenvectors

for  i  f rom 1 to  numelems(eigValsA)  do:
 auxMat :=A-e igVa lsA[ i ] * Iden t i t yMat r ix (4 ,4 ) :#subs t i tu te  the  
current  e igenvalue to the matr ix  A- lambdaE
 e igValsBasis [ i ] :=Nul lSpace(auxMat ) :# f ind  nul l  space ->  so lve
homogeneous system
od:
for  i  f rom 1  to  numelems(e igVa lsA)  do:#check ,  i f  we  rea l ly  
found the eigenvectors (does the equation lambda*h = A*h 
hold?)
 p r i n t ( [ o p ( e i g V a l s B a s i s [ i ] ) * e i g V a l s A [ i ] , A  .  o p ( e i g V a l s B a s i s
[ i ] ) ] ) ;
od:

eigValsBasis:=convert(
 [seq(op(e igValsBasis [ i ] ) , i=1 . .numelems(e igValsBasis ) ) ] ,
 M a t r i x
) ; # c o n v e r t  t h e  o u t p u t  t o  a  m a t r i x  f o r m  ( b e t t e r  u s a b l e )

d e l L i s t : = [ ] : # c r e a t e  l i s t  f o r  p o s i t i o n s  o f  d u p l i c a t e  c o l u m n s
for i  f rom 1 to ColumnDimension(eigValsBasis)  do:
 for  j  f rom i+1 to ColumnDimension(eigValsBasis)  do:
   i f  E q u a l ( e i g V a l s B a s i s [ 1 . . - 1 , i ] , e i g V a l s B a s i s [ 1 . . - 1 , j ] ,



>  >  

(2.1.1)(2.1.1)

>  >  

(1.3.6)(1.3.6)

>  >  

>  >  

(2.4.1)(2.4.1)

(2.3.4)(2.3.4)

>  >  

(1.2.3)(1.2.3)

compare=entries) then:
    d e l L i s t : = [ o p ( d e l L i s t ) , j ] :
   f i :
 o d :
od:
eigVecsA:=DeleteColumn(eigValsBasis,delList):#resave 
e igenvectors in  a  new matr ix
eigValsA,eigVecsA;

3. General solution
Note:
- We found lambda_1 = lambda_2 = 0 ... real root of the characteristic polynomial with
algebraic multiplicity = 2
BUT
- for this eigenvalue (lambda = 0), dim(N(A-lambdaE)) = 2 -> there exist 2 linearly independent 
eigenvectors vectors -> geometric multiplicity of eigenvalue lambda = 0 is 1
=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>
We have 4 real eigenvalues with 4 distinctive eigenvectors
=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>=>
We seek the solution to the system x' = Ax in the form x(t) = Sum(C_j*exp(lambda_j*t)*
eigVecsA(j),j=1..4)

cVec:=Vector[column](numelems(eigValsA),symbol=C):#prepare 
vector  of  constants
x G S : = a d d ( c V e c [ i ] * e x p ( e i g V a l s A [ i ] * t ) * e i g V e c s A [ 1 . . - 1 , i ] , i = 1 . .
numelems(eigValsA)) ;#this  is  general  solut ion to  the system

4. Particular solution - initial value problem (IVP)



(2.5.1)(2.5.1)

(2.1.1)(2.1.1)

>  >  

>  >  

>  >  

(2.5.5)(2.5.5)

>  >  

(1.3.6)(1.3.6)

>  >  

(2.5.3)(2.5.3)

>  >  

>  >  

(2.5.2)(2.5.2)

>  >  

(2.5.4)(2.5.4)

(1.2.3)(1.2.3)

I C : = a 0  =  1 , b 0  =  0 ,  c 0  =  0 ,  e 0  =  0 :
x0 :=Vec tor [co lumn] ( [seq ( rhs ( IC [ i ] ) , i =1 . .numelems( [ IC ] ) ) ] ) ;
#combine  the  in i t i a l  cond i t ions  to  a  vec to r

eqs:=[seq(x0[ i ]=subs( t=0 ,xGS[ i ] ) , i=1 . .numelems(x0) ) ] ;

B ,b:=GenerateMatr ix (eqs,conver t (cVec, l is t ) ) ;

cVec:=LinearSolve(B,b);

x P S : = a d d ( c V e c [ i ] * e x p ( e i g V a l s A [ i ] * t ) * e i g V e c s A [ 1 . . - 1 , i ] , i = 1 . .
numelems(e igVa lsA) ) ;# th is  i s  par t i cu la r  so lu t ion  to  the  
system



(2.1.1)(2.1.1)

>  >  

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

>  >  

>  >  

>  >  

(1.2.3)(1.2.3)

Specify reaction rate constants and plot the solution (compare with the plot bellow)
p l o t (
 subs(k1=1,k2=1/2 ,k3=1/10 ,xPS) , t=0 . .10 ,
 th ickness=3,
 l e g e n d = [ " a ( t ) " , " b ( t ) " , " c ( t ) " , " e ( t ) " ] ,
 legendstyle=[font=["HELVETICA",  15] , location=bottom],
 l abe ls= [" t ime" , "concent ra t ions" ] ,
 l a b e l d i r e c t i o n s = [ " h o r i z o n t a l " , " v e r t i c a l " ] ,
 l a b e l f o n t = [ " H e l v e t i c a " , 2 0 , B o l d ] ,
 t i t le="Concentra t ions development \n( in tegra l  curves)" ,
 t i t l e f o n t = [ " H e l v e t i c a " , 2 4 , B o l d ] ,
 axes fon t= [ "He lve t i ca" ,14 ] ,
 numpoints=5000,size=[800,600]
) ;



>  >  

(2.1.1)(2.1.1)

>  >  

>  >  

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

>  >  

(1.2.3)(1.2.3)

5. Test - solve the system using Maple built-in methods
x V e c : = V e c t o r [ c o l u m n ] ( [ x 1 ( t ) , x 2 ( t ) , x 3 ( t ) , x 4 ( t ) ] ) ; # v e c t o r  o f  
uknown functions



(2.1.1)(2.1.1)

>  >  

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

>  >  

>  >  

>  >  

>  >  

(1.2.3)(1.2.3)

>  >  

(2.6.3)(2.6.3)

>  >  

(2.6.2)(2.6.2)

>  >  

>  >  

>  >  

>  >  

systRHS:=MatrixVectorMultiply(A,xVec);

f o r  i  f r o m  1  t o  4  d o :
 o d e [ i ] : = d i f f ( x V e c [ i ] , t ) = s y s t R H S [ i ] :
od:
ode :=conver t (ode , l i s t ) :
xVec:=conver t (xVec , l is t ) :
IC:=x1(0)=a0,x2(0)=b0,x3(0)=c0,x4(0)=e0:
sol :=dsolve( [op(ode) ,  IC] ,xVec) :#Such a  system is  "a lways" 
ana ly t i ca ly  so lvab le
a s s i g n ( s o l ) ;
s o l :
x 1 ( t ) ;
x 2 ( t ) ;
x 3 ( t ) ;
x 4 ( t ) ;



(2.1.1)(2.1.1)

>  >  

(2.6.3)(2.6.3)

(2.5.5)(2.5.5)

>  >  

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

(2.6.4)(2.6.4)

>  >  

>  >  

>  >  
>  >  

(1.2.3)(1.2.3)

ICP:=a0=1,b0=0,c0=0,e0=0,k1=1,k2=1/2,k3=1/10:
aP:=subs( ICP,x1 ( t ) ) ;
bP:=subs( ICP,x2( t ) ) ;
cP:=subs( ICP,x3 ( t ) ) ;
eP:=subs( ICP,x4 ( t ) ) ;

p l o t (
 [ a P , b P , c P , e P ] , t = 0 . . 1 0 ,
 th ickness=3,
 l e g e n d = [ " a ( t ) " , " b ( t ) " , " c ( t ) " , " e ( t ) " ] ,
 legendstyle=[font=["HELVETICA",  15] , location=bottom],
 l abe ls= [" t ime" , "concent ra t ions" ] ,
 l a b e l d i r e c t i o n s = [ " h o r i z o n t a l " , " v e r t i c a l " ] ,
 l a b e l f o n t = [ " H e l v e t i c a " , 2 0 , B o l d ] ,
 t i t le="Concentra t ions development \n( in tegra l  curves)" ,
 t i t l e f o n t = [ " H e l v e t i c a " , 2 4 , B o l d ] ,
 axes fon t= [ "He lve t i ca" ,14 ] ,
 numpoints=5000,size=[800,600]
) ;



(2.1.1)(2.1.1)

>  >  

(2.6.3)(2.6.3)

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

>  >  

>  >  

>  >  

(1.2.3)(1.2.3)

Ex.3 - Real, non-equal eigenvalues
r e s t a r t ;



>  >  

(2.1.1)(2.1.1)

(3.1.1)(3.1.1)

(3.3.2)(3.3.2)

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

>  >  
>  >  

>  >  

>  >  

>  >  

(3.3.1)(3.3.1)

>  >  

(1.2.3)(1.2.3)

>  >  

>  >  

>  >  

(2.6.3)(2.6.3)

>  >  

(3.2.1)(3.2.1)

(3.2.2)(3.2.2)

Assignement

with(L inearAlgebra) :
A : = M a t r i x ( [ [  2  ,  3  ] ,
        [  1  ,  4  ] ] ) ;

1. Eigenvalues
charPol:=lambda^2-Trace(A)*lambda + Determinant(A);

eigValsA:=solve(charPol, lambda);

e igValsA:=convert ( [e igValsA] ,Vector ) :#convert  the  output  to  a
v e c t o r  f o r m  ( b e t t e r  u s a b i l i t y )

2. Eigenvectors
for  i  f rom 1 to  numelems(eigValsA)  do:
 auxMat:=A-eigValsA[ i ] * Ident i tyMatr ix(Dimension(A)) :
 e igValsBasis [ i ] :=Nul lSpace(auxMat ) :# f ind  nul l  space ->  so lve
homogeneous system
od:
for  i  f rom 1  to  numelems(e igVa lsA)  do:#check ,  i f  we  rea l ly  
found the eigenvectors (does the equation lambda*h = A*h 
hold?)
 p r i n t ( [ o p ( e i g V a l s B a s i s [ i ] ) * e i g V a l s A [ i ] , A  .  o p ( e i g V a l s B a s i s
[ i ] ) ] ) ;
od:

eigValsBasis:=convert(
 [seq(op(e igValsBasis [ i ] ) , i=1 . .numelems(e igValsBasis ) ) ] ,
 M a t r i x
) ; # c o n v e r t  t h e  o u t p u t  t o  a  m a t r i x  f o r m  ( b e t t e r  u s a b i l i t y )



(2.1.1)(2.1.1)

>  >  

(3.3.2)(3.3.2)

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

>  >  

>  >  

(3.4.1)(3.4.1)

(3.5.3)(3.5.3)

(1.2.3)(1.2.3)

>  >  

(2.6.3)(2.6.3)

>  >  

>  >  

>  >  

>  >  

>  >  

(3.5.2)(3.5.2)

>  >  

>  >  

(3.5.4)(3.5.4)

(3.5.1)(3.5.1)

=======================================================
the following step is just a precaution - its usability becames apparent from the Ex2 and Ex5

d e l L i s t : = [ ] : # c r e a t e  l i s t  f o r  p o s i t i o n s  o f  d u p l i c a t e  c o l u m n s
for i  f rom 1 to ColumnDimension(eigValsBasis)  do:
 for  j  f rom i+1 to ColumnDimension(eigValsBasis)  do:
   i f  E q u a l ( e i g V a l s B a s i s [ 1 . . - 1 , i ] , e i g V a l s B a s i s [ 1 . . - 1 , j ] ,
compare=entries) then:
    d e l L i s t : = [ o p ( d e l L i s t ) , j ] :
   f i :
 o d :
od:
eigVecsA:=DeleteColumn(eigValsBasis,delList):#resave 
e igenvectors in  a  new matr ix

=======================================================

3. General solution
cVec:=Vector[column](numelems(eigValsA),symbol=C):#prepare 
vector  of  constants
x G S : = a d d ( c V e c [ i ] * e x p ( e i g V a l s A [ i ] * t ) * e i g V e c s A [ 1 . . - 1 , i ] , i = 1 . .
numelems(eigValsA));

4. Particular solution - initial value problem (IVP)
x 0 : = V e c t o r [ c o l u m n ] ( [ 1 , 0 ] ) : # s p e c i f y  t h e  i n i t i a l  c o n d i t i o n
eqs:=[seq(x0[ i ]=subs( t=0 ,xGS[ i ] ) , i=1 . .numelems(x0) ) ] ;

B ,b:=GenerateMatr ix (eqs,conver t (cVec, l is t ) ) ;

cVec:=LinearSolve(B,b);

x P S : = a d d ( c V e c [ i ] * e x p ( e i g V a l s A [ i ] * t ) * e i g V e c s A [ 1 . . - 1 , i ] , i = 1 . .
numelems(eigValsA));



>  >  

(2.1.1)(2.1.1)

>  >  

>  >  

(3.3.2)(3.3.2)

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

>  >  

(3.6.2)(3.6.2)

>  >  

>  >  

>  >  

(1.2.3)(1.2.3)

>  >  

(2.6.3)(2.6.3)

>  >  

>  >  

>  >  

(3.6.1)(3.6.1)

(3.6.4)(3.6.4)

(3.5.4)(3.5.4)

(3.6.3)(3.6.3)

>  >  

>  >  

>  >  

5. Test - solve the system using Maple built-in methods
xVec :=Vec to r [co lumn] ( [x1 ( t ) , x2 ( t ) ] ) :
systRHS:=MatrixVectorMultiply(A,xVec);

for  i  f rom 1 to  numelems(xVec)  do:
 o d e [ i ] : = d i f f ( x V e c [ i ] , t ) = s y s t R H S [ i ] :
od:
ode :=conver t (ode , l i s t ) :
xVec:=conver t (xVec , l is t ) :
p r i n t ( o d e ) ;

sol:=dsolve(ode,xVec):
xGS_MAPLE:=Vector[column]([rhs(sol[1] ) , rhs(sol[2] ) ] ) ;

IC :=x1 (0 )=1 ,x2 (0 )=0 :
so l :=dsolve( [op(ode) , IC ] ,xVec) :
xPS_MAPLE:=Vector[column]( [rhs(sol [1] ) , rhs(sol [2] ) ] ) ;

6. Plot resulting integral curve and trajectory
Note: All the possible trajectories -> phase portrait

p l o t ( x P S , t = 0 . . 1 ,
 th ickness=3,
 l e g e n d = [ " x 1 ( t ) " , " x 2 ( t ) " ] ,
 legendstyle=[font=["HELVETICA",  15] , location=bottom],
 l a b e l s = [ " t " , " x _ 1 ( t ) ,  x _ 2 ( t ) " ] ,
 l a b e l d i r e c t i o n s = [ " h o r i z o n t a l " , " v e r t i c a l " ] ,
 l a b e l f o n t = [ " H e l v e t i c a " , 2 0 , B o l d ] ,
 t i t l e = " I n t e g r a l  c u r v e s " ,
 t i t l e f o n t = [ " H e l v e t i c a " , 2 4 , B o l d ] ,
 axes fon t= [ "He lve t i ca" ,14 ] ,



(2.1.1)(2.1.1)

>  >  

(2.6.3)(2.6.3)

(3.3.2)(3.3.2)

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

>  >  

>  >  

>  >  

(3.5.4)(3.5.4)

>  >  

(1.2.3)(1.2.3)

 numpoints=5000,size=[600,400]
) ;

p l o t ( [ o p ( c o n v e r t ( x P S , l i s t ) ) , t = 0 . . 1 ] ,
 th ickness=3,
 l a b e l s = [ " x _ 1 ( t ) " , " x _ 2 ( t ) " ] ,
 l a b e l d i r e c t i o n s = [ " h o r i z o n t a l " , " v e r t i c a l " ] ,
 l a b e l f o n t = [ " H e l v e t i c a " , 2 0 , B o l d ] ,
 t i t l e = " S y s t e m  t r a j e c t o r y " ,
 t i t l e f o n t = [ " H e l v e t i c a " , 2 4 , B o l d ] ,
 axes fon t= [ "He lve t i ca" ,14 ] ,
 numpoints=5000,size=[600,400]
) ;



(2.1.1)(2.1.1)

>  >  

(3.3.2)(3.3.2)

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

>  >  

>  >  

>  >  

>  >  

(1.2.3)(1.2.3)

>  >  

(2.6.3)(2.6.3)

(4.1.1)(4.1.1)

>  >  

(3.5.4)(3.5.4)

Ex.4 - Complex eigenvalues
r e s t a r t ;

Assignement

with(L inearAlgebra) :
A : = M a t r i x ( [ [  2  ,  - 1  ] ,
        [  1  ,  2  ] ] ) ;



(2.1.1)(2.1.1)

(4.2.2)(4.2.2)

>  >  

(3.3.2)(3.3.2)

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

>  >  

>  >  

>  >  

(1.2.3)(1.2.3)

(4.3.1)(4.3.1)

>  >  

>  >  

(2.6.3)(2.6.3)

>  >  

>  >  

>  >  

>  >  

>  >  

(3.5.4)(3.5.4)

(4.2.1)(4.2.1)

(4.3.2)(4.3.2)

1. Eigenvalues
charPol:=lambda^2-Trace(A)*lambda + Determinant(A);

eigValsA:=solve(charPol, lambda);

e igValsA:=convert ( [e igValsA] ,Vector ) :#convert  the  output  to  a
v e c t o r  f o r m  ( b e t t e r  u s a b i l i t y )

2. Eigenvectors
for  i  f rom 1 to  numelems(eigValsA)  do:
 auxMat:=A-eigValsA[ i ] * Ident i tyMatr ix(Dimension(A)) :
 e igValsBasis [ i ] :=Nul lSpace(auxMat ) :# f ind  nul l  space ->  so lve
homogeneous system
od:
for  i  f rom 1  to  numelems(e igVa lsA)  do:#check ,  i f  we  rea l ly  
found the eigenvectors (does the equation lambda*h = A*h 
hold?)
 p r i n t ( [ o p ( e i g V a l s B a s i s [ i ] ) * e i g V a l s A [ i ] , A  .  o p ( e i g V a l s B a s i s
[ i ] ) ] ) ;
od:

eigValsBasis:=convert(
 [seq(op(e igValsBasis [ i ] ) , i=1 . .numelems(e igValsBasis ) ) ] ,
 M a t r i x
) ; # c o n v e r t  t h e  o u t p u t  t o  a  m a t r i x  f o r m  ( b e t t e r  u s a b i l i t y )

Note: Finding eigenvector is enough, the other one is its complex conjugate
=======================================================
the following step is just a precaution - its usability becames apparent from the Ex2 and Ex5

d e l L i s t : = [ ] : # c r e a t e  l i s t  f o r  p o s i t i o n s  o f  d u p l i c a t e  c o l u m n s
for i  f rom 1 to ColumnDimension(eigValsBasis)  do:
 for  j  f rom i+1 to ColumnDimension(eigValsBasis)  do:
   i f  E q u a l ( e i g V a l s B a s i s [ 1 . . - 1 , i ] , e i g V a l s B a s i s [ 1 . . - 1 , j ] ,
compare=entries) then:
    d e l L i s t : = [ o p ( d e l L i s t ) , j ] :
   f i :
 o d :
od:
eigVecsA:=DeleteColumn(eigValsBasis,delList):#resave 
e igenvectors in  a  new matr ix

=======================================================
Note: I have two complex eigenvectors in a form h_{1,2} = u +- iv => I need to separate the 



(4.5.1)(4.5.1)

(2.1.1)(2.1.1)

(4.5.3)(4.5.3)

(3.3.2)(3.3.2)

>  >  

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

>  >  

>  >  

>  >  

(4.3.3)(4.3.3)

>  >  

(4.5.2)(4.5.2)

>  >  

(1.2.3)(1.2.3)

>  >  

>  >  

(2.6.3)(2.6.3)

>  >  

>  >  

(4.5.4)(4.5.4)

>  >  

(3.5.4)(3.5.4)

(4.4.1)(4.4.1)

>  >  

>  >  
vectors u and v

rea lEigVecsA:=<Re(e igVecsA[1 . . -1 ,1 ] ) | Im(e igVecsA[1 . . -1 ,1 ] )>;
# c o n s t r u c t  a  m a t r i x  [ u , v ]

3. General solution
cVec:=Vector[column](numelems(eigValsA),symbol=C):#prepare 
vector  of  constants
xGS:=exp(Re(e igValsA[1] ) * t ) * (cVec[1] * ( rea lE igVecsA[1 . . -1 ,1 ] *
c o s ( I m ( e i g V a l s A [ 1 ] ) * t )  -  r e a l E i g V e c s A [ 1 . . - 1 , 2 ] * s i n ( I m
( e i g V a l s A [ 1 ] ) * t ) )  +  c V e c [ 2 ] * ( r e a l E i g V e c s A [ 1 . . - 1 , 2 ] * c o s ( I m
( e i g V a l s A [ 1 ] ) * t )  +  r e a l E i g V e c s A [ 1 . . - 1 , 1 ] * s i n ( I m ( e i g V a l s A [ 1 ] ) *
t ) ) ) ;

4. Particular solution - initial value problem (IVP)
x 0 : = V e c t o r [ c o l u m n ] ( [ 1 , 0 ] ) : # s p e c i f y  t h e  i n i t i a l  c o n d i t i o n
eqs:=[seq(x0[ i ]=subs( t=0 ,xGS[ i ] ) , i=1 . .numelems(x0) ) ] ;

B ,b:=GenerateMatr ix (eqs,conver t (cVec, l is t ) ) ;

cVec:=LinearSolve(B,b);

xPS:=exp(Re(e igValsA[1] ) * t ) * (cVec[1 ] * ( rea lE igVecsA[1 . . -1 ,1 ] *
c o s ( I m ( e i g V a l s A [ 1 ] ) * t )  -  r e a l E i g V e c s A [ 1 . . - 1 , 2 ] * s i n ( I m
( e i g V a l s A [ 1 ] ) * t ) )  +  c V e c [ 2 ] * ( r e a l E i g V e c s A [ 1 . . - 1 , 2 ] * c o s ( I m
( e i g V a l s A [ 1 ] ) * t )  +  r e a l E i g V e c s A [ 1 . . - 1 , 1 ] * s i n ( I m ( e i g V a l s A [ 1 ] ) *
t ) ) ) ;

5. Test - solve the system using Maple built-in methods
xVec :=Vec to r [co lumn] ( [x1 ( t ) , x2 ( t ) ] ) :



>  >  

(2.1.1)(2.1.1)

>  >  

(3.3.2)(3.3.2)

(2.5.5)(2.5.5)

>  >  

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

(4.6.1)(4.6.1)

>  >  

>  >  

(4.6.4)(4.6.4)

>  >  

>  >  

>  >  

(1.2.3)(1.2.3)

>  >  

>  >  

(2.6.3)(2.6.3)

(4.6.3)(4.6.3)

(4.6.2)(4.6.2)

>  >  

>  >  

>  >  

(3.5.4)(3.5.4)

>  >  systRHS:=MatrixVectorMultiply(A,xVec);

for  i  f rom 1 to  numelems(xVec)  do:
 o d e [ i ] : = d i f f ( x V e c [ i ] , t ) = s y s t R H S [ i ] :
od:
ode :=conver t (ode , l i s t ) :
xVec:=conver t (xVec , l is t ) :
p r i n t ( o d e ) ;

sol:=dsolve(ode,xVec):
xGS_MAPLE:=Vector[column]([rhs(sol[1] ) , rhs(sol[2] ) ] ) ;

IC :=x1 (0 )=1 ,x2 (0 )=0 :
so l :=dsolve( [op(ode) , IC ] ,xVec) :
xPS_MAPLE:=Vector[column]( [rhs(sol [1] ) , rhs(sol [2] ) ] ) ;

6. Plot resulting integral curve and trajectory
Note: All the possible trajectories -> phase portrait

p l o t ( x P S , t = 0 . . 1 ,
 th ickness=3,
 l e g e n d = [ " x 1 ( t ) " , " x 2 ( t ) " ] ,
 legendstyle=[font=["HELVETICA",  15] , location=bottom],
 l a b e l s = [ " t " , " x _ 1 ( t ) ,  x _ 2 ( t ) " ] ,
 l a b e l d i r e c t i o n s = [ " h o r i z o n t a l " , " v e r t i c a l " ] ,
 l a b e l f o n t = [ " H e l v e t i c a " , 2 0 , B o l d ] ,
 t i t l e = " I n t e g r a l  c u r v e s " ,
 t i t l e f o n t = [ " H e l v e t i c a " , 2 4 , B o l d ] ,
 axes fon t= [ "He lve t i ca" ,14 ] ,
 numpoints=5000,size=[600,400]
) ;



(2.1.1)(2.1.1)

>  >  

(3.3.2)(3.3.2)

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

(4.6.1)(4.6.1)

>  >  

>  >  

(1.2.3)(1.2.3)

>  >  

(2.6.3)(2.6.3)

>  >  

(3.5.4)(3.5.4)

>  >  

p l o t ( [ o p ( c o n v e r t ( x P S , l i s t ) ) , t = 0 . . 1 ] ,
 th ickness=3,
 l a b e l s = [ " x _ 1 ( t ) " , " x _ 2 ( t ) " ] ,
 l a b e l d i r e c t i o n s = [ " h o r i z o n t a l " , " v e r t i c a l " ] ,
 l a b e l f o n t = [ " H e l v e t i c a " , 2 0 , B o l d ] ,
 t i t l e = " S y s t e m  t r a j e c t o r y " ,
 t i t l e f o n t = [ " H e l v e t i c a " , 2 4 , B o l d ] ,
 axes fon t= [ "He lve t i ca" ,14 ] ,
 numpoints=5000,size=[600,400]
) ;



(2.1.1)(2.1.1)

(3.3.2)(3.3.2)

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

(4.6.1)(4.6.1)

>  >  

>  >  

>  >  

(5.1.1)(5.1.1)

(1.2.3)(1.2.3)

>  >  

>  >  

>  >  

(2.6.3)(2.6.3)

>  >  

(3.5.4)(3.5.4)

>  >  

Ex.5 - Real, equal eigenvalues - generalized eigenvector
r e s t a r t ;

Assignement

with(L inearAlgebra) :
A : = M a t r i x ( [ [  3  ,  1  ] ,
        [  - 1  ,  5  ] ] ) ;



(2.1.1)(2.1.1)

>  >  

>  >  

(2.5.5)(2.5.5)

(4.6.1)(4.6.1)

>  >  

>  >  

>  >  

>  >  

(5.2.1)(5.2.1)

(5.3.1)(5.3.1)

(3.5.4)(3.5.4)

>  >  

>  >  

(3.3.2)(3.3.2)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

>  >  

>  >  

(5.3.2)(5.3.2)

(1.2.3)(1.2.3)

>  >  

(2.6.3)(2.6.3)

>  >  

>  >  

(5.2.2)(5.2.2)

1. Eigenvalues
charPol:=lambda^2-Trace(A)*lambda + Determinant(A);

eigValsA:=solve(charPol, lambda);

e igValsA:=convert ( [e igValsA] ,Vector ) :#convert  the  output  to  a
v e c t o r  f o r m  ( b e t t e r  u s a b i l i t y )

2. Eigenvectors
for  i  f rom 1 to  numelems(eigValsA)  do:
 auxMat:=A-eigValsA[ i ] * Ident i tyMatr ix(Dimension(A)) :
 e igValsBasis [ i ] :=Nul lSpace(auxMat ) :# f ind  nul l  space ->  so lve
homogeneous system
od:
for  i  f rom 1  to  numelems(e igVa lsA)  do:#check ,  i f  we  rea l ly  
found the eigenvectors (does the equation lambda*h = A*h 
hold?)
 p r i n t ( [ o p ( e i g V a l s B a s i s [ i ] ) * e i g V a l s A [ i ] , A  .  o p ( e i g V a l s B a s i s
[ i ] ) ] ) ;
od:

eigValsBasis:=convert(
 [seq(op(e igValsBasis [ i ] ) , i=1 . .numelems(e igValsBasis ) ) ] ,
 M a t r i x
) ; # c o n v e r t  t h e  o u t p u t  t o  a  m a t r i x  f o r m  ( b e t t e r  u s a b i l i t y )

Note: We found 2 same eigenvectors -> we need to find the generalized eigenvector
=======================================================
Remove the duplicate columns from eigValsBasis

d e l L i s t : = [ ] : # c r e a t e  l i s t  f o r  p o s i t i o n s  o f  d u p l i c a t e  c o l u m n s
for i  f rom 1 to ColumnDimension(eigValsBasis)  do:
 for  j  f rom i+1 to ColumnDimension(eigValsBasis)  do:
   i f  E q u a l ( e i g V a l s B a s i s [ 1 . . - 1 , i ] , e i g V a l s B a s i s [ 1 . . - 1 , j ] ,
compare=entries) then:
    d e l L i s t : = [ o p ( d e l L i s t ) , j ] :
   f i :
 o d :
od:
eigVecsA:=DeleteColumn(eigValsBasis,delList):#resave 
e igenvectors in  a  new matr ix

=======================================================



(5.3.5)(5.3.5)

(2.1.1)(2.1.1)

(5.5.1)(5.5.1)

>  >  

>  >  

(3.3.2)(3.3.2)

>  >  

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

(4.6.1)(4.6.1)

>  >  

>  >  

(5.3.6)(5.3.6)

>  >  

>  >  

>  >  

(5.3.3)(5.3.3)

(1.2.3)(1.2.3)

>  >  

>  >  

(2.6.3)(2.6.3)

(5.3.4)(5.3.4)

>  >  

(5.5.2)(5.5.2)

>  >  

(5.5.3)(5.5.3)

>  >  

(3.5.4)(3.5.4)

(5.4.1)(5.4.1)

>  >  

>  >  

>  >  

2-a. Generalized Eigenvector
pr in t (e igVecsA) ;

Note: I found only 1 eigenvector -> in order to find a general solution to the SODE I need to 
obtain a generalized eigenvector -> solve SLAR (A-lambdaE)k = h

genEigVecA:=LinearSolve(A-eigValsA[1]* Ident i tyMatr ix(2,2) ,
eigVecsA,method=none,free=t);#system depend on 1 parameter

genEigVecA:=subs(t[1,1]=0,genEigVecA);#I can choose any non-
z e r o  t

eigVecsA:=<<eigVecsA|genEigVecA>>;

3. General solution
cVec:=Vector[column](numelems(eigValsA),symbol=C):#prepare 
vector  of  constants
xGS:=add(cVec[ i ] *exp(e igVa lsA[ i ] * t ) * (e igVecsA[1 . . -1 ,1 ] * t^
( i - 1 )  +  ( i - 1 ) * e i g V e c s A [ 1 . . - 1 , 2 ] ) , i = 1 . . n u m e l e m s ( e i g V a l s A ) ) ;

4. Particular solution - initial value problem (IVP)
x 0 : = V e c t o r [ c o l u m n ] ( [ 1 , 0 ] ) : # s p e c i f y  t h e  i n i t i a l  c o n d i t i o n
eqs:=[seq(x0[ i ]=subs( t=0 ,xGS[ i ] ) , i=1 . .numelems(x0) ) ] ;

B ,b:=GenerateMatr ix (eqs,conver t (cVec, l is t ) ) ;

cVec:=LinearSolve(B,b);



(5.6.4)(5.6.4)

(2.1.1)(2.1.1)

>  >  

(5.6.2)(5.6.2)

(2.5.5)(2.5.5)

(4.6.1)(4.6.1)

>  >  

>  >  

>  >  

(5.6.3)(5.6.3)

>  >  

>  >  

>  >  

(3.5.4)(3.5.4)

>  >  

>  >  

>  >  
>  >  

(3.3.2)(3.3.2)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

>  >  

>  >  

(5.6.1)(5.6.1)

(1.2.3)(1.2.3)

>  >  

(2.6.3)(2.6.3)

>  >  

>  >  

(5.5.4)(5.5.4)

>  >  

>  >  

xPS:=add(cVec[ i ] *exp(e igVa lsA[ i ] * t ) * (e igVecsA[1 . . -1 ,1 ] * t^
( i - 1 )  +  ( i - 1 ) * e i g V e c s A [ 1 . . - 1 , 2 ] ) , i = 1 . . n u m e l e m s ( e i g V a l s A ) ) ;

5. Test - solve the system using Maple built-in methods
xVec :=Vec to r [co lumn] ( [x1 ( t ) , x2 ( t ) ] ) :
systRHS:=MatrixVectorMultiply(A,xVec);

for  i  f rom 1 to  numelems(xVec)  do:
 o d e [ i ] : = d i f f ( x V e c [ i ] , t ) = s y s t R H S [ i ] :
od:
ode :=conver t (ode , l i s t ) :
xVec:=conver t (xVec , l is t ) :
p r i n t ( o d e ) ;

sol:=dsolve(ode,xVec):
xGS_MAPLE:=Vector[column]([rhs(sol[1] ) , rhs(sol[2] ) ] ) ;

IC :=x1 (0 )=1 ,x2 (0 )=0 :
so l :=dsolve( [op(ode) , IC ] ,xVec) :
xPS_MAPLE:=Vector[column]( [rhs(sol [1] ) , rhs(sol [2] ) ] ) ;

6. Plot resulting integral curve and trajectory
Note: All the possible trajectories -> phase portrait

p l o t ( x P S , t = 0 . . 1 ,
 th ickness=3,
 l e g e n d = [ " x 1 ( t ) " , " x 2 ( t ) " ] ,
 legendstyle=[font=["HELVETICA",  15] , location=bottom],
 l a b e l s = [ " t " , " x _ 1 ( t ) ,  x _ 2 ( t ) " ] ,
 l a b e l d i r e c t i o n s = [ " h o r i z o n t a l " , " v e r t i c a l " ] ,
 l a b e l f o n t = [ " H e l v e t i c a " , 2 0 , B o l d ] ,
 t i t l e = " I n t e g r a l  c u r v e s " ,
 t i t l e f o n t = [ " H e l v e t i c a " , 2 4 , B o l d ] ,
 axes fon t= [ "He lve t i ca" ,14 ] ,
 numpoints=5000,size=[600,400]
) ;



(2.1.1)(2.1.1)

>  >  

(3.3.2)(3.3.2)

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

(4.6.1)(4.6.1)

>  >  

>  >  

(1.2.3)(1.2.3)

>  >  

>  >  

>  >  

(2.6.3)(2.6.3)

>  >  

(5.5.4)(5.5.4)

(3.5.4)(3.5.4)

>  >  

p l o t ( [ o p ( c o n v e r t ( x P S , l i s t ) ) , t = 0 . . 1 ] ,
 th ickness=3,
 l a b e l s = [ " x _ 1 ( t ) " , " x _ 2 ( t ) " ] ,
 l a b e l d i r e c t i o n s = [ " h o r i z o n t a l " , " v e r t i c a l " ] ,
 l a b e l f o n t = [ " H e l v e t i c a " , 2 0 , B o l d ] ,
 t i t l e = " S y s t e m  t r a j e c t o r y " ,
 t i t l e f o n t = [ " H e l v e t i c a " , 2 4 , B o l d ] ,
 axes fon t= [ "He lve t i ca" ,14 ] ,
 numpoints=5000,size=[600,400]
) ;



(2.1.1)(2.1.1)

>  >  

(3.3.2)(3.3.2)

(2.5.5)(2.5.5)

(1.3.6)(1.3.6)

(2.6.1)(2.6.1)

(4.6.1)(4.6.1)

>  >  

>  >  

(1.2.3)(1.2.3)

>  >  

>  >  

(2.6.3)(2.6.3)

>  >  

(5.5.4)(5.5.4)

(3.5.4)(3.5.4)

>  >  


